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Abstract
We study non-Gaussianity, the spectral index of primordial scalar fluctuations
and tensor modes in models where fluctuations from the inflaton and the curvaton
can both contribute to the present cosmic density fluctuations. Even though simple
single-field inflation models generate only tiny non-Gaussianity, if we consider such a
mixed scenario, large non-Gaussianity can be produced. Furthermore, we study the
inflationary parameters such as the spectral index and the tensor-to-scalar ratio in
this kind of models and discuss in what cases models predict the spectral index and
tensor modes allowed by the current data while generating large non-Gaussianity,
which may have many implications for model-buildings of the inflationary universe.
1 Introduction
It is widely believed that cosmic microwave background anisotropies and large scale struc-
ture of the universe we observe today originate from fluctuations generated during the
time of inflation. It is often assumed that the quantum fluctuation of the inflaton is re-
sponsible for that. During inflation, the inflaton slowly rolls down its potential, which
gives almost scale-invariant primordial fluctuations and some gravity waves can also be
generated. Usually the primordial fluctuations are characterized by the scalar spectral
index and the tensor-to-scalar ratio. Once the potential for the inflaton is given, one can
predict these quantities to compare with cosmological observations. Current cosmologi-
cal data are very precise to severely constrain models of inflation and some models are
considered to have been already excluded [1, 2].
In fact, the considerations of the spectral index and tensor modes may not be enough
to probe primordial fluctuations. The non-Gaussianity of the fluctuations can also be
measured by cosmological observations and be used to test the scenario generating pri-
mordial fluctuations. In particular, there has recently been reported that non-Gaussianity
is detected in the cosmic microwave background almost at 3σ level [3]. Since simple
single-field inflation models predict very small non-Gaussianity, if the evidence for large
non-Gaussianity is mounting in the future, these models which at present are judged to
be successful as regards the amplitude and scale dependence for primordial curvature
fluctuations may suffer from a great difficulty.
However, notice that another source of fluctuations other than the inflaton can con-
tribute to the cosmic density fluctuations. Among such possibilities, the curvaton mecha-
nism [4, 5, 6] and modulated reheating scenarios [7, 8], for example, have been proposed
and some of their observational consequences including issues of the non-Gaussianity have
also been investigated. In particular, it is discussed that large non-Gaussianity can be
produced in these scenarios. It should be reminded that cosmic density fluctuations can
originate from one of these mechanisms including the inflaton or from some combination
of these. Thus, even though almost perfect Gaussian fluctuations are generated in simple
inflation models where they originate only from the inflaton, large non-Gaussianity can be
produced for total by adding the contribution from another generation mechanism. One
of the purposes of this paper is to study the issue of non-Gaussianity in models of this
kind, paying particular attention to a mixed scenario where fluctuations of the inflaton
and the curvaton can both contribute to primordial fluctuations. In investigating the non-
Gaussianity, we focus not only on the bispectrum but also on the trispectrum which is a
potentially useful observable in the near future.
It should also be noticed that the predictions of the amplitude, the spectral index
and tensor modes can be affected when another source of fluctuations is introduced in
the model. Interestingly, some models of inflation which are disfavored by the data can
be liberated by assuming the curvaton mechanism to work because of such modifications
[9, 10, 11, 12, 13, 14, 15, 16]. In particular, in Ref. [15], it has been studied in what
cases models of inflation can be relaxed by adding fluctuations from the curvaton in some
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detail assuming some concrete inflation models focusing on the spectral index and the
tensor-to-scalar ratio. In any case, since we can expect much more precise measurements
of these quantities in the future experiment such as Planck, we should also investigate
the predictions for the scale dependence of primordial curvature fluctuations and tensor
modes in the mixed scenario as well as that for non-Gaussianity. Another aim of this
paper is to analyze this issue extending the work of Ref. [15] to include the case where
the curvaton is always subdominant component in the history of the universe, which was
not considered in Ref. [15]. Then we study the effects of the curvaton on inflationary
parameters such as the spectral index and the tensor-to-scalar ratio and compare with
recent observations of WMAP. Furthermore, we also discuss in what cases/models large
non-Gaussianity can be generated satisfying the constraints on the scale dependence and
tensor modes of primordial fluctuations in the scenario.
The structure of this paper is as follows. In the next section, we discuss the formalism
to study observational quantities in models with mixed fluctuations from the inflaton and
the curvaton. We derive the expressions for the scalar spectral index, its running, the
tensor-to-scalar ratio and the non-linearity parameters for such mixed models. Then, in
Section 3, we investigate those inflationary parameters assuming several concrete inflation
models. First of all, we study the scalar spectral index and the tensor-to-scalar ratio
for each model and then discuss whether they are compatible with current observations.
For inflation models which are considered to have been already excluded by the data,
we discuss in what case the curvaton can liberate the model. Specifically, we discuss in
what cases non-Gaussianity can be large. The final section is devoted to conclusion and
summary of this paper.
2 Formalism
2.1 δN formalism and some definitions
In the following, we adopt the δN formalism [17, 18, 19, 20] to calculate the primor-
dial power spectrum and some non-linearity parameters. Thus we briefly review the δN
formalism here.
In the δN formalism, the primordial curvature perturbation ζ on the uniform energy
density hypersurface at the time t = tf is equal to the perturbation in the local expansion
defined with respect to an initial spatially flat hypersurface. On sufficiently large scales
where the spatial gradient can be neglected, the local expansion is well approximated by
the expansion of the unperturbed universe,
N(t∗, tf , x) =
∫ tf
t∗
H(x, t)dt. (1)
where H is the local Hubble expansion and t∗ is some time during inflation. Then the
primordial curvature perturbation can be expressed as
ζ(tf , ~x) = N(tf , t∗, ~x)− N¯ , (2)
2
where N¯ is the expansion in the background spacetime:
N¯ =
∫ tf
t∗
H¯(t)dt. (3)
If we take t∗ as a time when the cosmological scale crossed the horizon scale during
inflation, then N(tf , t∗, ~x) becomes a function of the scalar field at the time of horizon
crossing. Hence ζ can be written as,
ζ(tf) = Naδφ
a
∗
+
1
2
Nabδφ
a
∗
δφb
∗
+
1
6
Nabcδφ
a
∗
δφb
∗
δφc
∗
+ · · · , (4)
where the summation is implied over repeated indices which label the scalar field. Here
δφa
∗
is the perturbation of the scalar field φa on the flat slicing at the time of horizon
crossing. In the following, when the asterisk ∗ is shown in the subscript, it indicates that
the quantities are evaluated at the time of horizon crossing. Na, Nab, and Nabc are given
by
Na ≡ ∂N
∂φa
, Nab ≡ ∂
2N
∂φa∂φb
, Nabc ≡ ∂
3N
∂φa∂φb∂φc
. (5)
For the purpose of this paper, we include the terms up to cubic order in the perturbations
of the scalar field. If we choose tf well after the reheating, then ζ(tf) gives the primordial
adiabatic perturbations.
Now we write down the expression for the primordial power spectrum which is defined
as
〈ζ~k1ζ~k2〉 = (2π)
3Pζ(k1)δ(~k1 + ~k2). (6)
By using Eq. (4), we can express Pζ with the fluctuations of scalar fields as
Pζ(k) = NaNbP
ab(k), (7)
where P ab(k) is the power spectrum of scalar fields:
〈δφa~k1δφ
b
~k2
〉 = (2π)3P ab(k1)δ(~k1 + ~k2). (8)
In this paper, we consider two scalar fields, the inflaton and the curvaton which are denoted
as φ and σ and their fluctuations are indicated as δφ and δσ respectively. Thus the indices
for scalar fields are understood to represent either of these fields in the following. The
fluctuations at the time of horizon crossing δφ∗ and δσ∗ are assumed to be uncorrelated
random fields with the same amplitude. Hence we have
P ab(k) = P (k)δab =
2π2
k3
(
H∗
2π
)2
δab. (9)
Then at leading order in fluctuations of the scalar fields, the power spectrum can be written
as
Pζ(k) =
2π2
k3
Pζ(k) = NaNa2π
2
k3
(
H∗
2π
)2
. (10)
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The expression for Na will be discussed in the next subsection.
Now we discuss quantities which represent non-Gaussianity, the bispectrum and trispec-
trum. The definition of the bispectrum Bζ is given by
〈ζ~k1ζ~k2ζ~k3〉 = (2π)
3Bζ(k1, k2, k3)δ(~k1 + ~k2 + ~k3). (11)
As is the case with the power spectrum, the leading order bispectrum can be written as
Bζ(k1, k2, k3) = NaNbNcB
abc(k1, k2, k3)
+NaNbcNd
(
P ac(k1)P
bd(k2) + P
ac(k2)P
bd(k3) + P
ac(k3)P
bd(k1)
)
, (12)
where Babc is the bispectrum of the scalar fields
〈δφa~k1δφ
b
~k2
δφc~k3〉 = (2π)
3Babc(k1, k2, k3)δ(~k1 + ~k2 + ~k3). (13)
The trispectrum Tζ is defined as
〈ζ~k1ζ~k2ζ~k3ζ~k4〉 = (2π)
3Tζ(k1, k2, k3, k4)δ(~k1 + ~k2 + ~k3 + ~k4), (14)
and can be given with the power spectrum P ab, the bispectrum Babc and the trispectrum
T abcd for the scalar fields,
Tζ(k1, k2, k3, k4) = NaNbNcNdT
abcd(k1, k2, k3, k4)
+NabNcNdNe
(
P ac(k1)B
bde(k12, k3, k4) + 11 perms.
)
+NabNcdNeNf
(
P bd(k13)P
ae(k3)P
cf(k4) + 11 perms.
)
+NabcNdNeNf
(
P ad(k2)P
be(k3)P
cf(k4) + 3 perms.
)
, (15)
where kij = |ki + kj| and T abcd is given by
〈δφa~k1δφ
b
~k2
δφc~k3δφ
d
~k4
〉 = (2π)3T abcd(k1, k2, k3, k4)δ(~k1 + ~k2 + ~k3 + ~k4). (16)
Expressions for Babc and Tabcd were provided in [21] and [22] for general multiple-fields
slow-roll inflation (see also [23]). In the following, we will neglect Babc and Tabcd because
the inclusion of these terms only gives corrections of slow-roll order to the primordial
bispectrum and trispectrum, which are far below the observational sensitivity expected
for the Planck satellite. Then Bζ and Tζ can be written as
Bζ(k1, k2, k3) =
6
5
fNL (Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)) , (17)
Tζ(k1, k2, k3, k4) = τNL (Pζ(k13)Pζ(k3)Pζ(k4) + 11 perms.)
+
54
25
gNL (Pζ(k2)Pζ(k3)Pζ(k4) + 3 perms.) , (18)
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where fNL, τNL and gNL are constant parameters which are given in terms of the deriva-
tives of the number of e-folding with respect to the scalar fields as [24, 25, 26],
6
5
fNL =
NaNbN
ab
(NcN c)
2 , (19)
τNL =
NabN
acN bNc
(NdNd)
3 , (20)
54
25
gNL =
NabcN
aN bN c
(NdNd)
3 . (21)
These expressions are valid for the case where Babc and Tabcd are negligibly small. Fur-
thermore, an interesting inequality can be obtained with the help of the Cauchy-Schwartz
inequality [27]:
τNL ≥ 36
25
f 2NL. (22)
This inequality holds for the scenarios such as the curvaton and the modulated reheating
scenarios where the leading non-Gaussianity comes from super-horizon evolution.
To calculate the primordial power spectrum and the non-linearity parameters, we need
to know the number of e-folding as a function of the field value of the scalar fields, the
inflaton and the curvaton, from the time when the cosmological scales crossed the hori-
zon to the time when the universe becomes radiation-dominated connected to big bang
nucleosynthesis (BBN) #1. In the next subsection, we discuss this issue in detail.
2.2 Background dynamics and the number of e-folding
Here we give an explicit expression for the number of e-folding in models with the inflaton
and the curvaton. For the potential of the curvaton, we take a quadratic potential,
U(σ) =
1
2
m2σσ
2, (23)
where mσ is the curvaton mass. We assume that the energy density of the curvaton
is subdominant during inflation and at least until the time when the inflaton decays
into radiation. In addition, the the curvaton mass is assumed as mσ ≪ Hinf with Hinf
being the Hubble parameter during inflation. In this case, the curvaton field almost stays
at the initial value during inflation. After inflation ends, the inflaton oscillates around
the minimum of its potential for some time, then decays into radiation. The curvaton
also begins to oscillate at around a time when H = mσ and decays into radiation. In
the following, we assume that the curvaton decays long after the onset of the curvaton
#1 Since we consider the scenario with the curvaton, the universe could have experienced the dominance
of radiation twice after inflation ends: radiations from the decay of inflaton and curvaton. Radiation-
dominated epoch here is meant to be the radiation-dominated phase after the curvaton decay.
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oscillations, which is equivalent to assume that Γσ/mσ ≪ 1 with Γσ being the decay rate
of the curvaton.
Here we give a rough sketch of the thermal history of the universe in this scenario. In
fact, depending on the initial amplitude of the curvaton field, the thermal history after the
inflaton decay can become different. When the initial value of the curvaton σin is small
enough, typically as σin ≪ Mpl, the curvaton begins to oscillate around the minimum
of the potential during radiation-dominated epoch due to the inflaton decay. With the
potential Eq. (23), the energy density of the curvaton decreases as ρσ ∝ a−3 when σ
oscillates. On the other hand, the energy density of radiation decreases as ρrad ∝ a−4,
thus the curvaton can become dominant if the curvaton oscillates around the potential
minimum long enough before decaying into radiation. If the decay rate of the curvaton is
not so small, it can decay before it becomes a dominant component. In any case, when the
rate of the Hubble expansion H becomes comparable to the decay rate of the curvaton,
the curvaton decays into radiation. After the curvaton decays into radiation, the universe
is radiation-dominated and is led to BBN epoch.
When the initial value for the curvaton field is large enough, typically as σin ≫ Mpl,
the curvaton almost stays at the initial value and drives the second inflation even after the
onset of the radiation-dominated epoch due to the inflaton decay. The thermal history
in this case is as follows: after the inflation driven by the inflaton ends, the inflaton
decays into radiation, then the universe becomes radiation dominated. When the initial
amplitude of the curvaton is large, σ stays at the initial value until long after the inflaton
decays into radiation. Since the energy density of such a scalar field is constant, at some
epoch, the energy density of the curvaton dominates to give the second inflationary epoch.
This situation is similar to that of a double inflation model [28]. After the curvaton drives
the second inflation, it begins to oscillate around the minimum of the potential when the
Hubble parameter decreases as H ∼ mσ. Then the curvaton decays into radiation when
Γσ ∼ H .
Since we would like to calculate the primordial power spectrum and some non-linearity
parameters during the radiation-dominated epoch after the curvaton decay, we need to
know the e-folding number from the time when the cosmological scale exits the horizon
during inflation to the time after the decay of the curvaton. We denote the number of
e-folding during these epochs as Ntot. For later convenience, we divide Ntot into several
parts as
Ntot = Ninf +Nd +NR (24)
where Ninf represents the number of e-folding during inflation driven by the inflaton. Nd
is for the epoch from the end of inflation to some time after the decay of the inflaton. NR
refers to the e-folding number from that time to the time well after the curvaton decay.
NR is relevant to the curvaton dynamics.
Now we make detailed discussion on Ninf , Nd and NR in order to calculate the primor-
dial power spectrum and the non-linearity parameters in the δN formalism. We do not
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discuss Nd here since it is irrelevant to the primordial fluctuation
#2. However, when we
relate the cosmological scales observed today to the time of horizon exit during inflation,
we also need Nd, which we will discuss in the subsection 2.6.
First we start with Ninf , the number of e-folding during inflation. It is determined by
the dynamics of the inflaton whose equation of motion is
φ¨+ 3Hφ˙+ Vφ = 0, (25)
where a dot represents the derivative with respect to the cosmic time and Vφ = dV/dφ.
During the inflation, the so-called slow-roll (SR) approximation is valid. Hence Ninf can
be written as, by using φ˙ ≃ −Vφ/(3H),
Ninf =
∫ te
t∗
Hdt ≃ − 1
M2pl
∫ φe
φ∗
V
Vφ
dφ (26)
where t∗ and te respectively represent the times when a scale exits the horizon and when
the inflation ends. Similarly, φ∗ and φe indicate the scalar field values at corresponding
epochs. To give a more concrete expression for Ninf , we need to specify the potential for
the inflaton.
Next we consider NR. After the inflaton decays into the radiation, the universe is
composed of radiation and the curvaton. Hence the background equations are given by
ρ˙r + 4Hρr = Γσρσ, (27)
σ¨ + (3H + Γσ)σ˙ +m
2
σσ = 0, (28)
H2 =
1
3M2pl
(ρr + ρσ), (29)
where ρr and ρσ = (1/2)σ˙
2 + U(σ) are energy densities of radiation and the curvaton,
respectively. To obtain NR, we solve the above equations from the time t = t0 which
corresponds to some time after the reheating epoch due to the decay of the inflaton with
the initial conditions
ρr(t0) = ρr0, σ(t0) = σ∗, σ˙(t0) ≃ − m
2
σσ∗
3H(t0)
, (30)
to the time tf when the Hubble parameter becomes much smaller than Γσ, i.e.,H(tf)≪ Γσ.
Here we denote the initial amplitude for the curvaton field with an asterisk as σ∗. Remind
that we are using an asterisk to represent that a quantity is evaluated at the time of
horizon exit. Since σ almost stays at the initial position during inflation, the initial value
#2 In the case that the curvaton energy density becomes dominant during the regime of the inflaton
oscillations, Nd depends on σ∗ so that it is also relevant to the primordial fluctuations. However, as stated
in the paragraph below Eq. (23), we do not consider such a case in this paper.
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for σ here is the same as that at the horizon exit during inflation. By integrating Eq. (27),
we can write NR formally as
NR =
1
4
log
ρr0
ρf
+
1
4
log (1 + F (σ∗, mσ,Γσ)) , (31)
where F (σ∗, mσ,Γσ) is defined as
F (σ∗, mσ,Γσ) ≡
∫
∞
0
dN e4N
Γσ
H(N)
ρσ(N)
ρr0
, (32)
and ρf = ρr(tf). In general, we need a numerical calculation to evaluate F (σ∗, mσ,Γσ).
However, for some cases, we can integrate analytically the right hand side (RHS) of
Eq. (32), which will be explicitly given in the next subsection. It should be noted here
that, when the curvaton does not drive the secondary inflation and begins to oscillate dur-
ing the radiation-dominated epoch caused by the inflaton decay, the value of F depends
only on the combination
p ≡ σ
2
∗
M2pl
√
Γσ/mσ
. (33)
When the curvaton is oscillating, it can be regarded as a matter fluid as long as the
background evolution is concerned. Then the universe can be regarded as a two component
system which consists of matter and radiation. In this case, it has been shown that the
solution for the system of Eqs. (27), (28) and (29) depends only on the single parameter
p defined above [29]. Thus F can be determined once p is fixed for such a case.
When the second inflation driven by the curvaton occurs, the curvaton cannot be
regarded as matter. However, even in this case, the value of F can be determined once σ∗
and the combination Γσ/mσ are given. During the second inflationary phase, the slow-roll
approximation is valid for the curvaton field as in the case during inflation. In this case,
NR can be written as
NR ≃ − 1
M2pl
∫ σend
σ∗
U
Uσ
dσ + C, (34)
where σend is the value of σ at the end of the second inflation. C represents the e-folding
number from the end of the second inflation to the time well after the curvaton decay and
does not depend on σ∗. Thus, even in this case, once the combination Γσ/mσ is given along
with σ∗, the number of e-folding NR is determined. Hence, we define the combination of
the variables as
s ≡ Γσ
mσ
, (35)
which will be used frequently instead of giving Γσ and mσ separately. As stated before,
we assume s≪ 1 in this paper.
Having described the necessary formulae in the δN formalism, we discuss primordial
curvature fluctuations, tensor modes and non-Gaussianity in the following subsections.
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2.3 Primordial power spectrum
Now we discuss primordial power spectrum in models with mixed fluctuations from the
inflaton and the curvaton. By using the δN formalism, the primordial curvature pertur-
bation ζ can be calculated as
ζ ≃ 1
M2pl
V
Vφ
δφ∗ +
∂Q
∂σ
δσ∗, (36)
where Q represents the σ∗ dependent part of NR which is defined as
Q ≡ 1
4
log(1 + F ). (37)
In actual calculations, we numerically obtain the function F in all cases. The primordial
power spectrum for a model with mixed inflaton and curvaton fluctuations is given as
Pζ =
(
1
M4pl
V 2
V 2φ
+Q2σ
)(
H
2π
)2
, (38)
where Qσ ≡ ∂Q/∂σ and we used Eq. (9). The spectral index and its running are given by
ns − 1 ≡ d logPζ
d log k
∣∣∣∣
k=aH
= −2ǫ− 4ǫ− 2η
1 + 2ǫM2plQ
2
σ
, (39)
nrun ≡ dns
d log k
= −4ǫ(2ǫ− η)− 2
(1 + 2ǫM2plQ
2
σ)
2
[
8ǫ2 − 6ǫη + ξ2 + 2ǫ(2ǫη − 2η2 + ξ2)M2plQ2σ
]
,
(40)
where ǫ, η and ξ2 are the slow-roll parameters which are defined as
ǫ ≡ 1
2
M2pl
(
Vφ
V
)2
, η ≡M2pl
Vφφ
V
, ξ2 ≡M4pl
VφVφφφ
V 2
. (41)
Here the third parameter ξ2 should be considered to be the second order in the slow-roll.
During inflation, tensor modes are also generated as
PT = 8
M2pl
(
H
2π
)2
. (42)
When one extracts the information on tensor modes, the tensor-to-scalar ratio is usually
used, which is defined and given in the case considered here as
r ≡ PTPζ =
16ǫ
1 + 2ǫM2plQ
2
σ
. (43)
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In the pure curvaton limit, 2ǫM2plQ
2
σ ≫ 1, where the primordial fluctuations are com-
pletely dominated by the curvaton fluctuations, nS, nrun and r reduce to
ns − 1 = −2ǫ, (44)
nrun = −4ǫ(2ǫ− η), (45)
r =
8
M2plQ
2
σ
. (46)
We find that the spectrum of the scalar fluctuations becomes red-tilted, the running of
the spectral index becomes independent of ξ2, and the tensor-to-scalar ratio becomes
negligible.
2.4 Non-linearity parameters
In the subsection 2.1, we gave the definitions of non-linearity parameters of fNL, τNL and
gNL in the δN formalism. Here we give concrete expressions for them in models with mixed
fluctuations from the inflaton and the curvaton.
To obtain the bispectrum and the trispectrum, we need to expand δN up to cubic
order in δφ and δσ, which can be written as
ζ ≃ V
Vφ
δφ∗ +
1
2
(
1− V Vφφ
V 2φ
)
δφ2
∗
− Vφφ
6Vφ
(
1 +
V Vφφφ
VφVφφ
− 2V Vφφ
Vφ2
)
δφ3
∗
+Qσδσ∗ +
1
2
Qσσδσ
2
∗
+
1
6
Qσσσδσ
3
∗
. (47)
Then, using Eqs. (19), (20) and (21), the non-linearity parameters are given by
6
5
fNL =
1
(1 + 2ǫM2plQ
2
σ)
2
[
2ǫ− η + 4ǫ2M4plQ2σQσσ
]
, (48)
τNL =
1
(1 + 2ǫM2plQ
2
σ)
3
[
(2ǫ− η)2 + 8ǫ3M6plQ2σQ2σσ
]
, (49)
54
25
gNL =
1
(1 + 2ǫM2plQ
2
σ)
3
[−2ǫη − ξ2 + 2η2 + 8ǫ3M6plQ3σQσσσ] . (50)
In the pure curvaton limit, 2ǫM2plQ
2
σ ≫ 1, these expressions reduce to
6
5
fNL =
Qσσ
Q2σ
, (51)
τNL =
Q2σσ
Q4σ
=
36
25
f 2NL, (52)
54
25
gNL =
Qσσσ
Q3σ
. (53)
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Figure 1: Plots of Q (top left), Qσ, (top right), Qσσ (bottom right) and Qσσσ (bottom left)
as functions of σ∗ for the cases with s = 10
−4 (red solid line), s = 10−8 (blue dotted line)
and s = 10−12 (green dashed line). Notice that Qσσ and Qσσσ can be negative. When the
functions take a negative value, the absolute value is drawn with a thin line. σ∗ is shown
in units of Mpl.
Once we pick up a model of inflation and calculate the values of Qσ, Qσσ and Qσσσ, we
can give concrete values for these non-linearity parameters along with ns and r. Although
an analytic expression can be obtained for some limiting values of p and σ∗, which is
going to be discussed in the next subsection, a numerical calculation is needed to evaluate
Qσ, Qσσ and Qσσσ in general. In Fig. 1, we show them as functions of σ∗ for several values
of s. From the figure, we can obtain some idea of when the contribution from the curvaton
significantly affects the primordial power spectrum and non-Gaussianity.
2.5 Analytic expressions in limiting cases
As previously mentioned, the value of F can be obtained by numerical calculations in
general. However, we can express it analytically in some limiting cases. In the following, we
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begin with the case where the initial amplitude of the curvaton σ∗ is very small (σ∗ ≪ Mpl).
In fact, this case can be further divided into two situations. The first case is that energy
density of the curvaton once dominates the universe before the decay of the curvaton.
The other case is that it can be always neglected compared to radiation during the whole
history of the universe. These two cases correspond to p ≫ 1 and p ≪ 1, respectively.
After discussing these cases, we consider the situation where the initial amplitude for the
curvaton is large enough to drive the second inflation. Now we look at these cases in order.
2.5.1 The case with σ∗ ≪Mpl and p≫ 1
Here we adopt the so-called sudden decay approximation, which can give a good description
for the case with p≫ 1. In this approximation, the curvaton decays suddenly whenH = Γσ
at N = Nd. That is, we shall regard energy densities ρr and ρσ to behave like the step
functions at the time of the curvaton decay. All ρσ is transfered to ρr. Hence ρr increases
by ρσ at the time of the curvaton decay. Then, the equation for radiation energy density
is written as
dρr
dN
+ 4ρr = ρσ(Nd−)δ(N −Nd), (54)
where the equation is written in terms of the derivative with respect to the number of
e-folding and Nd− represents an e-folding number just before the time when H = Γσ. The
coefficient on the RHS is chosen so that the total energy density is conserved through the
curvaton decay. Then, the equation corresponding to Eq. (32) can be written as
F (σ∗, mσ,Γσ) =
ρσ(Nd−)
ρr(Nd−)
. (55)
Now let us introduce a new quantity q defined as
q ≡ 3ρσ(Nd−)
4ρr(Nd−) + 3ρσ(Nd−)
, (56)
which roughly represents the fraction of energy density of the curvaton to the total one at
the time of the curvaton decay. With this parameter q, F (σ∗, mσ,Γσ) can be written as
F (σ∗, mσ,Γσ) =
4
3
q
1− q . (57)
Since we can relate q to σ∗, we can obtain the analytic expression of Qσ as a function of
σ∗, mσ and Γσ. For this purpose, let us write down the relation between q and σ∗ in a
following way. The Friedman equation at the time of the curvaton decay is given by
H2(Nd) = Γ
2
σ =
1
3M2pl
(
ρr(Nd−) + ρσ(Nd−)
)
. (58)
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Denoting the e-folding number at the time H = mσ as Nm, this equation can be written
as
Γ2σ =
1
3M2pl
(
3m2σM
2
ple
−4N¯ + ρσ(Nm)e
−3N¯
)
, (59)
where N¯ = Nd −Nm. Furthermore, by using the relation
ρσ(Nm)
3m2σM
2
pl
eN¯ =
ρσ(Nd−)
ρr(Nd−)
=
4
3
q
1− q , (60)
one can relate q and ρσ(Nm) as:
Γσ
mσ
=
1
16
(
ρσ(Nm)
m2σM
2
pl
)2
(3 + q)1/2
31/2q2
(1− q)3/2. (61)
Now we write the energy density of the curvaton at N = Nm as ρσ(Nm) = (1/2)m
2
σα
2σ2
∗
where α parameterizes the amplitude of the curvaton at the onset of oscillations relative
to the initial one. The concrete value of α is given in Appendix A. By using them, we
obtain the relation between q and σ∗ as
α2p =
31/48q
(3 + q)1/4(1− q)3/4 . (62)
By using Eqs. (57) and (62), we obtain the expressions for the derivatives of F with respect
to σ, which is necessary to evaluate the inflationary parameters, for this limiting case as
Qσ =
2
3
q
σ∗
, Qσσ =
2
9
q
σ2
∗
(3− 4q − 2q2), Qσσσ = 4
27
q2
σ3
∗
(−18 + q + 20q2 + 6q3). (63)
In the limit q = 1, which is equivalent to p≫ 1, Qσ becomes
Qσ =
2
3
1
σ∗
. (64)
This agrees with the result in [14] where asymptotic form of Qσ for σ∗ ≪Mpl is provided
under the assumption that curvaton once dominates the universe before the curvaton
decays. Hence the sudden decay approximation can well describe Q for the case p≫ 1.
Using Eq. (63), the non-linearity parameters for p≫ 1 can be written as
6
5
fNL =
1(
1 + 8
9
ǫ
M2
pl
σ2
∗
)2
(
2ǫ− η − 32
27
ǫ2
M4pl
σ4
∗
)
, (65)
τNL =
1(
1 + 8
9
ǫ
M2
pl
σ2
∗
)3
{
(2ǫ− η)2 + 128
81
ǫ3
M6pl
σ6
∗
}
, (66)
54
25
gNL =
1(
1 + 8
9
ǫ
M2
pl
σ2
∗
)3
(
−2ǫη − ξ2 + 2η2 + 256
81
ǫ3
M6pl
σ6
∗
)
. (67)
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All the magnitudes of these non-linearity parameters become the largest when σ∗ ∼
√
ǫMpl.
Substituting σ∗ =
√
ǫMpl to the equations above, we find that the maximum magnitudes
of fNL, τNL and gNL are all O(1). Hence large non-Gaussianity is not produced for p≫ 1.
2.5.2 The case with σ∗ ≪Mpl and p≪ 1
Now we consider the second case where the curvaton is always subdominant in the his-
tory of the universe. Even in this case, the sudden decay approximation adopted above
can give a good estimate to some extent, but its accuracy is O(10%) compared to nu-
merical calculations#3. However, another approach can give a better analytic expression
for Q. Detailed descriptions for the derivation of the analytic formulae can be found in
Appendix B. Here we just give the expressions.
Since here we are considering the case with p≪ 1, we expand F up to the second order
in p, which is necessary for obtaining the formula for the third derivative of Q with respect
to σ because the third derivative of p with respect to σ vanishes. After some calculations,
we can show that the function F can be expanded as
F (p) =
1
6
√
π
2
α2p+
1
144
α4p2 +O(p3), (68)
where we neglected higher order terms in s assuming s ≪ 1. Thus the derivatives of Q
with respect to σ are given for this case as
Qσ =
1
12
√
π
2
α2
σ∗
M2pl
√
s
(1 +O(p)) , (69)
Qσσ =
1
12
√
π
2
α2
1
M2pl
√
s
(1 +O(p)) , (70)
Qσσσ = − 1
24
(π − 1)α4 σ∗
M4pls
(1 +O(p)) . (71)
Here notice that, while Qσ and Qσσ come from the leading order term in p, Qσσσ comes
from the next-to-leading order term in p. With the expressions above, we can explicitly
write down the non-linearity parameters as:
6
5
fNL =
1
6
√
π
2
α2
ǫ√
s
Df
(
πα4
144
ǫ
p√
s
)
(1 +O(p)) , (72)
τNL =
(
1
6
√
π
2
α2
ǫ√
s
)2
Dτ
(
πα4
144
ǫ
p√
s
)
(1 +O(p)) , (73)
54
25
gNL = −(π − 1)
√
2
π
α2
ǫ√
s
Dg
(
πα4
144
ǫ
p√
s
)
(1 +O(p)) , (74)
#3 Using the fitting formula, the sudden-decay approximation can give an accurate estimate for some
parameter range [30].
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where the functions Df , Dτ and Dg are defined as
Df (x) ≡ x
(1 + x)2
, Dτ (x) ≡ x
(1 + x)3
, Dg(x) ≡ x
2
(1 + x)3
. (75)
In deriving these expressions, we have neglected the non-Gaussianity coming from the
inflaton fluctuations because they are small quantities. In the pure curvaton limit, the
non-linearity parameters given above become
6
5
fNL =
24√
2πα2
1
p
, τNL =
288
πα4
1
p2
,
54
25
gNL = −288(π − 1)√
2π3α2
1
p
. (76)
Using Eqs. (72), (73) and (74), we can derive a relation among the non-linearity pa-
rameters specific to this case (i.e., p≪ 1). After a little arithmetic, we obtain
− 5π
48(π − 1)
τNLgNL
f 3NL
= 1 +O (p) . (77)
When p≪ 1, p can be written using fNL and τNL as
p =
√
π
2
5184
125α2
f−1NL
(
f 2NL
τNL
)2
= O
(
f−1NL
(
f 2NL
τNL
)2)
. (78)
Because of the inequality Eq. (22), the magnitude of p is smaller than that of f−1NL. Hence
for the case of the very large non-Gaussianity (fNL ≫ 1) which occurs only when p ≪ 1,
the RHS in Eq. (77) becomes very close to unity and the equation provides a simple
consistency relation between the bispectrum and the trispectrum. Note that this relation
holds not only for the pure curvaton model but also for the mixed model of the inflaton
and the curvaton. Neglecting the second term on the RHS in Eq. (77), we can further
derive the inequality for fNL and gNL as, assuming fNL being positive,
gNL ≤ −20(π − 1)
3π
fNL. (79)
Thus if the very large non-Gaussianity is detected in the future, we can discriminate the
mixed model of the inflaton and the curvaton from other scenarios that also generate large
non-Gaussianity by using these consistency relations.
Furthermore, notice that the argument x of the functionsDf , Dτ andDg corresponds to
the ratio of the inflaton’s fluctuation to the curvaton’s, i.e., x = 2ǫM2plQ
2
σ = ζ
2
cur/ζ
2
inf where
ζinf and ζcur are the curvature fluctuations generated from the inflaton and the curvaton
respectively. Since all these functions take the maximum values at x ∼ 1, non-linearity
parameters become the largest when the fluctuations from the curvaton are comparable
to those generated from the inflaton with ǫ and s being fixed. In this case, the initial
amplitude of the curvaton becomes σ∗ ∼ σ∗,max ∼
√
s/ǫMpl. If σ∗ is smaller than σ∗,max,
the curvature perturbations are dominated by the inflaton fluctuations which are highly
15
Gaussian. Hence when σ∗ is smaller than σ∗,max, the magnitudes of the non-linearity
parameters take smaller values. On the other hand, if σ∗ is larger than σ∗,max, it becomes
similar to the pure curvaton case, in which fluctuations from the curvaton dominate over
those of the inflaton. In this case, fNL and gNL are proportional to 1/σ
2
∗
and τNL are
proportional to 1/σ4
∗
. Hence, as we take the value of σ∗ be larger than σ∗,max, the magnitude
of the non-linearity parameters becomes smaller. Thus if we vary σ∗ under the condition
that ǫ and s are fixed, in which we are changing the amplitude of ζcur with ζinf being fixed,
the non-Gaussianity becomes the largest when σ∗ ∼ σ∗,max, i.e., when the contributions
from the inflaton and the curvaton are comparable. On the other hand, if we instead vary
ǫ under the condition that s and σ∗ are fixed, where we are changing the amplitude of
ζinf with ζcur being fixed, the non-Gaussianity becomes the largest when the contributions
from the inflaton are absent.
The maximum values of fNL, τNL and the minimum value of gNL for the variation of σ∗
are given by
6
5
fNL,max =
1
24
√
π
2
α2
ǫ√
s
∼ 1
pmax
, (80)
τNL,max =
πα4
486
ǫ2
s
∼ 1
p2max
, (81)
54
25
gNL,min = −4(π − 1)
27
√
π
2
α2
ǫ√
s
∼ 1
pmax
, (82)
where pmax is the value of p with σ∗ = σ∗,max, which is much smaller than 1. We find that
the magnitudes of these non-linearity parameters have the same p dependence as those in
the case of the pure curvaton, i.e., fNL and gNL are roughly given by the inverse of the
fraction of the curvaton energy density to the total one at the time of the curvaton decay
and τNL is roughly given by f
2
NL
#4.
As a final remark of this subsection, we comment on the relation τNL ∼ f 2NL which
holds for σ∗ = σ∗,max. In fact, this relation breaks down when σ∗ deviates from σ∗,max.
From Eq. (75), we have
Dτ (x)
D2f (x)
= 1 +
1
x
. (83)
Hence when the curvaton contribution to the curvature perturbations is subdominant,
i.e., x ≪ 1, τNL is enhanced by a factor of x−1 compared with f 2NL. This shows that
the trispectrum as well as the bispectrum could also be important in detecting the non-
Gaussianity of the primordial perturbations. As we will see in Section 3 where fNL, gNL
and τNL are calculated for various inflation models in the mixed inflaton and curvaton
#4 In Ref. [31], by requiring that the homogeneous energy density of the curvaton should be larger
than its gradient energy density and the decay rate Γσ is at least of order that given by the gravitational
strength, an upper bound on fNL was provided as a function of the tensor-to-scalar ratio in the pure
curvaton case.
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scenario, there are parameter regions where fNL, gNL . O(1) but τNL ≫ 1. In such a case,
the leading non-Gaussianity comes not from the bispectrum but from the trispectrum
through the τNL terms.
2.5.3 The case with σ∗ ≫Mpl
When the initial amplitude is large enough, the curvaton field can drive the second inflation
after the first inflation caused by the inflaton. In this case, NR is calculated from Eq. (34)
and is given by
NR ≃ 1
4M2pl
(σ2
∗
− σ2e) + C. (84)
Thus, in this case, Qσ, Qσσ and Qσσσ become
Qσ =
1
2
σ∗
M2pl
, Qσσ =
1
2M2pl
, Qσσσ = 0. (85)
Then, the non-linearity parameters are given by
6
5
fNL =
1(
1 + 1
2
ǫ σ
2
∗
M2
pl
)2
(
2ǫ− η + 1
2
ǫ2
σ2
∗
M2pl
)
, (86)
τNL =
1(
1 + 1
2
ǫ σ
2
∗
M2
pl
)3
{
(2ǫ− η)2 + 1
2
ǫ3
σ2
∗
M2pl
}
, (87)
54
25
gNL =
1(
1 + 1
2
ǫ σ
2
∗
M2
pl
)3 (−2ǫη − ξ2 + 2η2). (88)
As for fNL and τNL, the contributions from the curvaton become the largest when σ∗ ∼
Mpl/
√
ǫ. Substituting σ∗ ∼ Mpl/
√
ǫ to Eqs. (86) and (87), we find that the maximum
contributions of the curvaton to fNL and τNL are O(ǫ) and O(ǫ2), respectively. As for gNL,
addition of the curvaton always reduces the magnitude of gNL. Hence fNL, τNL and gNL
are at most O(ǫ, η),O(ǫ2, ǫη, η2) and O(ǫ2, ǫη, η2, ξ2), respectively.
2.6 Corresponding Scales
To compare the prediction for the primordial curvature fluctuations and non-Gaussianity
with observations, we need to specify when the present cosmological scale exited the
horizon during inflation. Since k∗ = a∗H∗ holds when the scale with the wave number k∗
crossed the horizon, the reference scale kref where we probe the primordial fluctuations at
the present time is related to that at the horizon crossing during inflation as
kref
a0H0
=
a∗H∗
a0H0
, (89)
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where a0 and H0 are the scale factor and the Hubble parameter at present. The ratio of
a∗ to a0 in the RHS can be divided into several parts as,
kref
a0H0
=
a∗
aend
aend
aφreh
aφreh
af
af
a0
H∗
H0
. (90)
Here aend, aφreh and af are the scale factors at the times when the inflation driven by the
inflaton ends, the inflaton decays to reheat the universe, and some time after the curvaton
decays into radiation, respectively. For the definiteness, we take H ≃ 10−2Γσ as the time
corresponding to af so that Eq. (31) gives a good description. By taking logarithm of both
sides and reminding that the number of e-folding during inflation is Ninf = log(a∗/aend),
Ninf can be written as
Ninf = − log kref
a0H0
+ log
aend
aφreh
+ log
aφreh
af
+ log
af
a0
+ log
H∗
H0
. (91)
For the first term, we take kref = 0.002 Mpc
−1 in the analysis. The second term in the
RHS corresponds to −Nd in Eq. (24), i.e., the e-folding number from the end of inflation
to the decay of the inflaton to the radiation. When the potential of the inflaton near the
minimum is written as V ∝ φα, its energy density decreases as ρφ ∝ a−6α/(α+2) [32]. Thus
the second term can be written as
log
aend
aφreh
=
α + 2
6α
log
ρφreh
ρend
≃ α + 2
3α
log
Γφ
Hend
, (92)
where ρend and ρφreh are energy density of inflaton when inflation ends and that of radiation
at reheating. For the second approximate equality, we use the sudden decay approximation
for the reheating Γφ = H(tφreh) with Γφ being the decay rate of the inflaton. For the
analysis in the subsequent section, we assume Γφ = 10
−2Hend for definiteness.
The third term corresponds to −NR in Eq. (24). The effect of the curvaton on the
total e-folding number is contained in this term (see Eq. (31)).
As for the fourth term, we assume that no more entropy is produced after the curvaton
decays. Thus this term can be rewritten by using the conservation of the entropy density
per comoving volume. Since the entropy density is given by s = (2π/45)g∗sT
3 with g∗s
being the total number of effective massless degrees of freedom, we have the following
relation,
log
af
a0
=
1
3
log
s0
sf
=
1
3
log
g∗s0T
3
0
g∗sfT 3f
. (93)
For g∗sf at the time of af , we take g∗sf = 100.
3 Observational quantities in the mixed models with
the inflaton and the curvaton
Now we discuss primordial curvature fluctuations and non-Gaussianity in the mixed mod-
els with the inflaton and the curvaton adopting some concrete inflation models. Once
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the potential for the inflaton is specified, using the formalism developed above, we can
make firm predictions for the scalar spectral index, the tensor-to-scalar ratio and the non-
Gaussianity for the model. The issues of the modification to the spectral index, its running
and tensor modes have been studied in the case where the energy density of the curvaton
should dominate the universe at late time [14, 15, 16]. Here we also include the case where
the curvaton is always subdominant in the whole history of the universe. Furthermore, we
give the predictions for the non-linearity parameters fNL, τNL and gNL for inflation models
in the scenario. In the following we consider chaotic inflation, new inflation, and hybrid
inflation in order.
3.1 Chaotic inflation
10-12 10-10 10-8 10-6 10-4
10-8
10-6
10-4
10-2
1
102
σ
∗
s
Figure 2: Contours of the e-folding number N in the s–σ∗ plane. Here we assumed the
chaotic inflation model with n = 4 for concreteness. σ∗ is shown in units of Mpl.
Chaotic inflation [33] is described by the potential of the form,#5
V = λM4pl
(
φ
Mpl
)n
, (94)
where λ is a model parameter which can be fixed by requiring that the fluctuations have
the right amplitude to be consistent with observations. To fix the model parameters, we
impose the WMAP normalization [42] for the primordial curvature fluctuations given in
Eq. (38) to fix the value of λ. For different models of inflation discussed in the following,
we also use the WMAP normalization to fix one of the parameters in the inflaton potential.
#5This type of a simple polynomial potential can be realized in supergravity [34, 35, 36, 37, 38, 39, 40, 41].
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Figure 3: Contours of the ratio of the contribution from the curvaton fluctuation and the
inflaton fluctuation ζ2cur/ζ
2
inf are shown in the s–σ∗ plane. Here we assumed the chaotic
inflation model with n = 4 for concreteness. For reference, we also show contours of p
which enables us to see the region where an analytic expression is valid provided in the
previous section.
Here we consider some versions of chaotic inflation by taking several values of n which is
assumed to be positive even number. With the potential Eq. (94), the slow-roll parameters
in this model are given by
ǫ =
1
2
n2
(
Mpl
φ∗
)2
, η = n(n− 1)
(
Mpl
φ∗
)2
, ξ2 = n(n− 1)(n− 2)
(
Mpl
φ∗
)4
. (95)
The number of e-folding during inflation can be written as
Ninf =
1
2nM2pl
(φ2
∗
− φend)2, (96)
where φend refers to the value of the inflaton at the end of inflation. In general, we
can assume φ∗ ≫ φend. Thus we have a simple relation between φ∗ and Ninf . When
fluctuations of the inflaton alone are assumed to exist, the spectral index, its running and
the tensor-to-scalar ratio are given by, using the number of e-folding Ninf ,
ns − 1 = −n + 2
2Ninf
, (97)
nrun = −n + 2
2N2inf
, (98)
r =
4n
Ninf
. (99)
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Figure 4: 1σ and 2σ allowed contours from WMAP3 alone are shown, which is generated
from the chain provided in the webpage [43].
When fluctuations from the inflaton alone are considered, the non-linearity parameters are
very small, which are of the order of slow-roll parameters. An explicit expression can be
obtained by setting the curvaton contributions such as Qσ and Qσσ to zero in Eqs. (48),
(49) and (50).
In the following, we consider the case with n = 2, 4 and 6, then discuss how the curvaton
fluctuations change the predictions of the original inflation models. As we discussed in the
previous section, the contribution from the curvaton fluctuations modifies ns, nrun and r
as Eqs. (39), (40) and (43). In addition, the curvaton affects the background evolution,
which changes the number of e-folding during inflation. When the oscillating curvaton field
dominates, its energy density decreases as ρσ ∝ a−3. If this phase lasts long, it reduces
Ninf . When the curvaton drives the second inflation, the number of e-folding is drastically
reduced as Ninf ∼ 20–30. In this case, as can be read off from Eqs. (97), (98) and (99),
the spectral index becomes more red-tilted, its running becomes larger and the tensor-to-
scalar ratio is also a bit larger due to the change of Ninf . Thus when one considers the
effects of the curvaton, the modification to the background evolution is also important.
To see how the curvaton parameters affect the e-folding number during inflation, con-
tours of Ninf in the s–σ∗ plane are shown in Fig. 2
#6. For concreteness, we assumed n = 4
#6 For the range of s, we take 10−12 ≤ s ≤ 10−4 in the analysis here. Although s is determined by
the combination of the decay rate the curvaton mass as s = Γσ/mσ, to make our analysis general, we do
not specify the values of Γσ and mσ. However, one should keep in mind that there are some constraints
on Γσ coming from the bounds on the reheating temperature Treh. A possible upper bound for Treh
comes from the consideration of the gravitino problem. To avoid the overproduction of gravitinos, the
reheating temperature should be low enough as Treh ∼ 106 GeV [44, 45]. In addition, Treh ∼ 10 MeV is a
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to plot the figure. In the figure, σ∗ is shown in units of Mpl.
As is clearly seen from the figure, when the initial amplitude is large, Ninf is significantly
reduced due to the second inflation driven by the curvaton. On the other hand, when
σ∗ ≪ Mpl, dependence of Ninf on σ∗ and s becomes mild. The qualitative behavior of
this result can be understood as follows. There are two possible sources that affect Ninf
due to the existence of the curvaton. The first one is that the curvaton adds extra e-
folding number Q compared to when the curvaton is absent. As a result, Ninf must be
replaced with Ninf − Q. The second one is that if the curvaton fluctuations contribute
to the density fluctuations, the energy scale of inflation must decrease so that the sum of
the fluctuations originating from both the inflaton and the curvaton satisfies the WMAP
normalization. This effect is described by Qσ. Hence Ninf is a function of Q and Qσ, i.e.,
Ninf = Ninf(Q,Qσ).
When σ∗ ≫Mpl, Q depends only on σ∗ (see Eq. (84)). Hence the slope of the contour in
Fig. 2 becomes zero. On the other hand, when σ∗ ≪Mpl, Q becomes a function of p while
Qσ becomes a function of p and σ∗/
√
s. Hence we can write Ninf as Ninf = Ninf(p, σ∗/
√
s).
When p≪ 1, the modification of Ninf due to the existence of the curvaton mainly comes
from Qσ which is a function of σ∗/
√
s at the leading order in p because Q is very small
(Q = O(p)). Hence for p ≪ 1, the slope of the contour approaches 1/4. When p ≫ 1,
both Q and Qσ can be important and the slope can vary along the contour.
Furthermore, to see in what range of s and σ∗ fluctuations from the curvaton dominates
over that from the inflaton, the contours of the ratio of the squared contributions from the
curvaton and the inflaton, ζ2cur/ζ
2
inf = 2M
2
plǫQ
2
σ, are shown in the s–σ∗ plane in Fig. 3. For
concreteness, we again assumed the chaotic inflation model with n = 4. We also plotted
contours of p = σ2
∗
/(M2pl
√
s), which enable us to see in what region the analytic estimate
we discussed in the previous section can be valid.
Now we discuss the inflationary parameters such as ns, r and the non-linearity param-
eters in each case. First we study the case with n = 2. In this case, if we assume Ninf = 50
and 60, the spectral index and the tensor-to-scalar ratio become (ns, r) = (0.96, 0.16) and
(ns, r) = (0.97, 0.13), respectively. The running of the spectral index is negligible for this
model. To compare these values with observations, we show 1 and 2σ allowed regions
from WMAP3 alone analysis in the ns–r plane in Fig. 4. By looking at the figure, we
can see that the case with n = 2 is favored by WMAP3 data regardless of the curvaton
contribution.
If we include the curvaton, then the non-linearity parameters will become large and nS
and r will also change #7. Hence it is interesting to check that the inclusion of the curvaton
does not spoil the successful values of ns and r, keeping the non-linearity parameters large.
In Fig. 5, contours of ns and r are shown for the case with n = 2 when the curvaton
is included in the s–σ∗ plane. With our assumptions explained in the previous section,
possible lower bound not to spoil the success of BBN. (Detailed discussion on this issue can be found in
[46, 47, 48, 49, 50].)
#7 Even when fluctuation of the curvaton is large enough to affect the values of these quantities, the
running of the spectral index remains negligible in this model.
22
0.97 0.968
0.966
0.96
0.93
0.12
0.10.05
0.01
0.001
10-12 10-10 10-8 10-6 10-4 10-10 10-8 10-6 10-4
10-8
10-6
10-4
10-2
1
102
σ
∗
s s
Figure 5: Contours of ns (left panel) and r (right panel) in the s–σ∗ plane for the chaotic
inflation model with n = 2. In the absence of the curvaton contribution, the spectral index
and the tensor-to-scalar ratio are ns = 0.967 and r = 0.133 for Ninf = 60.3.
the number of e-folding becomes as Ninf = 60.3, which yields the spectral index and the
tensor-to-scalar ratio as (ns, r) = (0.967, 0.133) without the curvaton contribution. We
can see that, even when the curvaton is introduced to affect the primordial fluctuation, it
is consistent with current observations. In Fig. 6, the non-linearity parameters are shown
also in the s–σ∗ plane. When the curvaton drives the second inflation, the sign of fNL
becomes negative and its size is O(1) in the magnitude. When the curvaton dominates at
least once in the history of the universe but there is no second inflation which corresponds
to the region where σ∗ is small and s is large, the non-linearity parameters become positive
but the size is also O(1). As discussed in the previous section, non-Gaussianity becomes
large when p≪ 1, which can be seen from the figure. This is why the long axis of contour
ellipses lies along the line with p = σ2
∗
/M2pl
√
s being constant. From the analysis here, it
can be concluded that non-Gaussianity can be large when the curvaton also contributes
to the primordial fluctuations without spoiling successful values of ns and r.
Next we discuss the case with n = 4. In fact, this model is on the verge of the
exclusion even by the WMAP3 data alone. If we assume Ninf = 60, the inflationary
parameters become (ns, r) = (0.95, 0.27), which are marginal at the current data. However,
by introducing the curvaton in the model, the spectral index is modified to be shifted to
the scale-invariant one and the tensor-to-scalar ratio is suppressed. Thus it can liberate
the model. In Fig. 7, contours of ns and r are shown in the s–σ∗ plane. Here, in our setting,
Ninf = 60.3, which yields (ns, r) = (0.950, 0.265) without the curvaton contribution. When
the effects of the curvaton are small, the values of nS and r fall outside the allowed region.
However, in particular, around the region where σ∗ ≪ Mpl and p ≪ 1, the effects of
the curvaton are significant to make the inflationary parameters preferable values in some
parameter space. To show in what cases the inflation model is liberated by the curvaton,
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Figure 6: Contours of fNL (left panel), τNL (center panel) and gNL (right panel) in the s–σ∗
plane for the chaotic inflation model with n = 2.
the excluded region from the WMAP3 data is represented by the shaded region in Fig. 8.
Namely, the region without the shade is allowed by the data. In the same figure, we also
plot contours of the non-linearity parameters fNL, τNL and gNL. Interestingly, there is a
parameter space where the model can avoid the exclusion by the data while generating
large non-Gaussianity.
As for the case with n = 6, this model is completely ruled out by current observations
without the curvaton. When Ninf = 60 and 50, the spectral index and the tensor-to-
scalar ratio are (ns, r) = (0.93, 0.4) and (0.92, 0.48). However, in the same way as the
case with n = 4, this model can be made to be allowed with the help of the curvaton.
In Fig. 9, contours of ns and r are shown. In our setting, Ninf = 64.0, which yields
(ns, r) = (0.937, 0.375) without the curvaton contribution. In Fig. 10, contours of the
non-linearity parameters are shown along with the region excluded by the data in the
s–σ∗ plane. Since the original model of inflation is strongly disfavored by the data, the
allowed region in Fig. 10 is smaller compared to the counterpart for the case with n = 4.
However, there is a region where the model is relaxed to be allowed by observations and
large non-Gaussianity can be generated.
3.2 New inflation
Among various possibilities of the potential for the new inflation model, we adopt the
following form, which is motivated by the supersymmetric models with the discrete R
symmetry of the Zn group [51, 52], for definiteness:
V = λ2v4
[
1− 2
(
φ
v
)n
+
(
φ
v
)2n]
. (100)
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Figure 7: Contours of ns (left panel) and r (right panel) in the s–σ∗ plane for the chaotic
inflation model with n = 4. In the absence of the curvaton contribution, ns = 0.950 and
r = 0.265 for Ninf = 60.3.
During inflation, the last term in the RHS is irrelevant, thus neglecting this term, we can
write down the slow-roll parameters for the potential above as
ǫ = 2n2
(
φ∗
v
)2(n−1)(
Mpl
v
)2
, (101)
η = −2n(n− 1)
(
φ∗
v
)n−2(
Mpl
v
)2
, (102)
ξ2 = 4n2(n− 1)(n− 2)
(
φ∗
v
)2(n−2)(
Mpl
v
)4
. (103)
The number of e-folding is given approximately as
Ninf =
1
2n(n− 2)
(
v
Mpl
)2(
φ∗
v
)
−n+2
. (104)
Since φ∗/v ≪ 1 during inflation, the slow-roll parameter ǫ is much smaller than η in
magnitude, which leads to the spectral index ns − 1 ≃ 2η. By using Ninf , this can be
written as
ns − 1 ≃ −2n− 1
n− 2
1
Ninf
. (105)
Furthermore, the running of the spectral index nrun ≃ −2ξ2 becomes
nrun ≃ −2n− 1
n− 2
1
N2inf
. (106)
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Figure 8: Contours of fNL (left panel), τNL (center panel) and gNL (right panel) in the
s–σ∗ plane for the chaotic inflation model with n = 4. The shaded region is excluded by
WMAP3 data.
The tensor-to-scalar ratio r = 16ǫ is very small since ǫ is suppressed as
ǫ = 2n2
(
Mpl
v
)2 [
1
2n(n− 2)Ninf
(
v
Mpl
)]2(n−1)/(n−2)
. (107)
If we take n = 3 and 4, the ǫ parameters are given by ǫ = (v/Mpl)
6/(72N4inf) and ǫ =
4(v/Mpl)
4/(27N3inf), respectively. Thus even if we take v ∼ Mpl, ǫ is suppressed with
some powers of Ninf which is usually 50–60. Hence both the tensor-to-scalar ratio and the
running are very small in this model. The spectral indices for the cases with n = 3 and
4 are ns = 0.93 and 0.95 when Ninf = 60. Thus this model is almost consistent with the
current constraint from WMAP3 in terms of the spectral index and tensor mode.
One may speculate that, adding a contribution from the curvaton, non-Gaussianity
becomes significantly large like in the case of the chaotic inflation. However, this does not
happen in the new inflation. This is because the slow-roll parameter ǫ is very small in
the new inflation models. Largest possible values for the non-linear parameters which are
given in Eqs. (72), (73) and (74) indicate that these values are proportional to ǫ. Thus
inflation models with small ǫ cannot generate large non-Gaussianity even by adding the
curvaton.
Furthermore, when ǫ is very small, the effects of the curvaton on ns and r are also
small. As seen from Eqs. (39), (40) and (43), the effect of the curvaton on these quantities
always appears in the combination of ǫQ2σ. Thus even when Qσ is large, this combination
is small if ǫ is negligibly small. To see this fact, contours of ns for the case with n = 3
and 4 are shown in Fig. 11. In both case, we take v = 10−2Mpl. Without the curvaton
contribution, the e-folding numbers in our setting for n = 3 and 4 are given by Ninf = 50.3
and 53.3 respectively. Then the spectral indices are ns = 0.920 and 0.944 respectively. As
seen from the figure, the value of ns does not change much over the whole parameter space
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Figure 9: Contours of ns (left panel) and r (right panel) in the s–σ∗ plane for the chaotic
inflation model with n = 6. In the absence of the curvaton contribution, the spectral index
and the tensor-to-scalar ratio are ns = 0.937 and r = 0.375 for Ninf = 64.0.
in the figure. This indicates that the effect of the curvaton cannot be large for a broad
range of the curvaton parameters. In fact, when the initial amplitude for the curvaton
is large, ns is modified a little because of the change of the number of e-folding due to
the second inflation. However, in any case, the figure clearly shows that the effect of the
fluctuations of the curvaton is small for this kind of models.
3.3 Hybrid inflation
Hybrid inflation was originally proposed by Linde [53, 54] and many types of the potential
have been discussed in association with the gauge symmetry breaking [55, 56, 57]. Here,
we take the original types of the potential for simplicity. The implications of another field
on other types of the potential like those in the supersymmetric grand unified theory are
discussed in the context of modular inflation [58].
We consider the following quadratic type of potential,
V = α
[
(v2 − σ2)2 + m
2
2
φ2 +
g2
2
φ2σ2
]
. (108)
Here we set the parameters to be v = 10−2Mpl, m = 2× 10−5Mpl, and g = 2× 10−3. The
parameter α is chosen to fit the WMAP normalization. For φ > φend = 2v/g = 10Mpl,
the trajectory with σ = 0 is stable and inflation takes place along this trajectory with the
effective potential given by Veff(φ) = α(v
4 +m2φ2/2). Then, the slow-roll parameters are
given by
ǫ =
1
2
(
m2Mplφ
v4 + 1
2
m2φ2
)2
, η =
m2M2pl
v4 + 1
2
m2φ2
, ξ2 = 0. (109)
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Figure 10: Contours of fNL (left panel), τNL (center panel) and gNL (right panel) in the
s–σ∗ plane for the chaotic inflation model with n = 6. The shaded region is excluded by
WMAP3 data.
For the parameters above, without the curvaton contribution, the number of e-folding,
the spectral index and the tensor-to-scalar ratio are given by Ninf = 55.3, ns = 0.975
and r = 0.118. The running of the spectral index is negligible in this case. Although
these values are consistent with the WMAP3 data, to see how the curvaton affects these
predictions, contours of ns and r are shown in Fig. 12. Furthermore, contours of non-
linearity parameters are also shown in Fig. 13. In this case, large non-Gaussianity can also
be generated.
In the above choice of the parameters, we have red-tilted power spectrum in the absence
of the curvaton. We can choose another set of parameters such that m≪ gv. In this case,
we have η ≫ ǫ and the spectrum becomes blue, i.e., ns ≈ 1 + 6η, in the absence of the
curvaton. If the curvaton contribution is small enough to satisfy ǫM2plQ
2
σ ≪ 1, then adding
the curvaton yields no effects on the parameters as in the case of the new inflation. On
the other hand, if the curvaton contribution is large enough to satisfy ǫM2plQ
2
σ ≫ 1, then
the spectral index is given by ns−1 ≈ −2ǫ+ η/(ǫM2plQ2σ). Because ǫ is very small (ǫ≪ η)
and η is positive in this model, the spectrum is almost scale invariant or blue-tilted, and r
is negligibly small. Hence, for m≪ gv in which case the spectrum is blue with negligibly
small scalar-to-tensor ratio, the model with such parameters is hardly allowed by WMAP3
(see Fig. 4) even if the curvaton contributes to the primordial fluctuations.
4 Summary and Discussions
In this paper, we studied primordial fluctuations in models where both the inflaton and the
curvaton can contribute to the cosmic density fluctuations. By using the δN formalism,
we provided a systematic formulation to discuss the primordial curvature fluctuations and
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Figure 11: Contours of ns in the s–σ∗ plane for the new inflation model with n = 3 (left)
and n = 4 (right). We take v = 10−2Mpl. In the absence of the curvaton contribution,
ns = 0.920 and 0.944 for the case with n = 3, Ninf = 50.3 and n = 4, Ninf = 53.3
respectively.
their non-Gaussianity in this kind of scenario. We gave the expressions for the spectral
index ns, its running nrun, the tensor-to-scalar ratio r and the non-linearity parameters
fNL, τNL and gNL for the mixed model. In general, the values of these parameters can be
obtained by numerically calculating some set of equations, however, in some cases, they are
given analytically. We presented such analytic formulae in some limiting cases. We found
that very large non-Gaussianity (fNL ≫ 1) can be generated even if the contribution
of the curvaton fluctuations to the total ones is comparable to or smaller than that of
the inflaton fluctuations. If the curvaton fluctuations are minor components, then τNL
is enhanced by the factor of ζ2inf/ζ
2
cur ≫ 1, compared to f 2NL, where ζinf and ζcur are
the primordial fluctuations from the inflaton and the curvaton respectively. In such a
case, large non-Gaussian feature appears through the trispectrum rather than through
the bispectrum. We also derived the consistency relation between the bispectrum and the
trispectrum which holds in the limit of the large non-Gaussianity. If the measurement of
the trispectrum becomes available in the future, this relation will provide a useful tool to
distinguish the mixed model of the inflaton and the curvaton from other scenarios which
also generate large non-Gaussianity.
After we worked out the formulation for the calculation of inflationary parameters
including the non-linearity parameters, we investigated the issue for several concrete mod-
els of inflation: chaotic inflation, new inflation and hybrid inflation. By calculating the
spectral index and the tensor-to-scalar ratio, we can compare those with cosmological ob-
servations. We showed that some inflation models already excluded by the current data
such as chaotic inflation with higher polynomials n = 4 and 6 can be liberated depending
on the parameters which characterize the curvaton. By presenting contours of ns and r in
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Figure 12: Contours of ns (left panel) and r (right panel) in the s–σ∗ plane for the hybrid
inflation model with a quadratic potential. In the absence of the curvaton contribution,
the spectral index and tensor-to-scalar ratio become as ns = 0.975 and r = 0.118 for
Ninf = 55.3.
the s–σ∗ plane, we have explicitly shown in what cases such models can be relaxed to be
allowed by the data. We have also presented contours of the non-linearity parameters in
the s–σ∗ plane. In particular, it should be noticed that, the non-Gaussianity can be large
due to the contribution from the curvaton without conflicting with the data.
On the other hand, some inflation models such as the new inflation where the slow-
roll parameter ǫ is very small are scarcely affected by the curvaton. The effects of the
curvaton on ns and r appear as in the combination of ǫQ
2
σ, thus the size of ǫ is crucial
when one considers how the curvaton affects the inflationary predictions. Furthermore,
non-Gaussianity cannot be large in this model even if we introduce the curvaton because
the ǫ parameter is very small in this model. As shown in Eqs. (48)∼(50), the curvaton
contribution to the non-linearity parameters is always associated with ǫ. Thus inflation
models with very small ǫ cannot generate large non-Gaussianity even with the curvaton.
Although we have concentrated on adiabatic fluctuations thus far, isocurvature fluc-
tuations can be produced in principle, depending on the thermal history of the universe.
It can happen when dark matter or baryon was generated (and its number is conserved)
before the decay of the curvaton or from the decay products of the curvaton [59, 60, 61].
In the case where dark matter and baryon were produced after the decay of the curvaton,
no isocurvature perturbation is generated even in our mixed model. In this paper, we
have considered this kind of case to avoid complexities coming from the contamination of
isocurvature modes when we interpret observational signatures. However, here we com-
ment on the cases where some isocurvature fluctuations are generated. First of all, since
pure cold dark matter (CDM)/bayron isocurvature modes (regardless of its correlation
with adiabatic mode) are severely constrained by observations, the pure curvaton scenario
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Figure 13: Contours of fNL (left panel), τNL (center panel) and gNL (right panel) in the
s–σ∗ plane for the hybrid inflation model with a quadratic potential.
with isocurvature fluctuations such as the above mentioned cases are disfavored from cur-
rent observations. However, it should be noted here that the constraint can be relaxed
when adiabatic fluctuations from the inflaton contribute to the total density fluctuations,
which is the case for the mixed scenario. This is simply because the contribution from
adiabatic mode decreases the fraction of the isocurvature contribution to the total fluc-
tuations. Thus the mixed scenario may have interesting implications on scenarios with
isocurvature fluctuations. For example, even in the case where dark matter was generated
before the decay of the curvaton, the mixed scenario is still allowed if adiabatic fluctuations
from the inflaton is bigger than that from the curvaton to some extent. Similarly, although
a scenario where dark matter was generated from the decay products of the curvaton is
severely constrained by the argument of isocurvature fluctuations, as in the case discussed
above, the constraint is significantly relaxed in the mixed scenario if adiabatic fluctuation
from the inflaton is much bigger than that from the curvaton. It should be noticed that
large non-Gaussianity would not be produced when the contribution from the inflaton is
large compared to that from the curvaton. On the other hand, when the contribution from
the curvaton with isocurvature mode is large, such a scenario is severely constrained by
the consideration of isocurvature mode, which corresponds to the case where the fraction
of energy density of the curvaton to the total one becomes comparable to that of the
inflaton. Remind that large non-Gaussianity can be generated when the fraction of energy
density of the curvaton to the total one is very small. Thus non-Gaussianity would not be
so large in this case too.
Since a simple single-field inflation model can only generate very small non-Gaussianity,
if the evidence of non-Gaussianity, which was recently reported in Ref. [3], is established
in the future, this mechanism of generating large non-Gaussianity will be very interesting.
Although we concentrate on the mixed model of the inflaton and the curvaton in this paper,
other mixed model may also be worth investigating. In particular, large non-Gaussianity
31
can also be generated in the modulated reheating [62, 63, 64, 27] and preheating scenarios
[65, 66, 67] so that the implications of such a mixed model on the inflationary parameters
and non-Gaussianity are of great interest and will be presented elsewhere [68].
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Appendix
A Value of σ at the onset of the curvaton oscillations
In the main text, we defined g(σ∗) with the energy density of the curvaton at the onset of
the oscillations as
ρσ(Nm) =
1
2
m2σg(σ∗)
2, (110)
with g(σ∗) = ασ∗. We assume that the universe is radiation-dominated when the curvaton
begins to oscillate, thus the equation of motion for σ can be written as
σ¨ +
3
2t
σ˙ +m2σσ = 0, (111)
where we used H = 1/(2t) during radiation-dominated epoch. The solution for this
equation with the initial value σ(tm) = σ∗ is given by
σ(t) =
21/4Γ(5/4)σ∗
(mt)1/4
J1/4(mt), (112)
where J is the Bessel function. Using the asymptotic form of J1/4, the energy density ρσ
for mt≫ 1 becomes
ρσ(t) ≃
√
2m2σσ
2
∗
π(mt)3/2
Γ(5/4). (113)
Thus α can be given by
α =
2
√
2√
π
Γ(5/4) ≃ 1.45. (114)
B Analytic expression of F (p) for p≪ 1
In this Appendix, we give a detailed description how we obtain an analytic expression of
F (p) for the case with p ≪ 1. We also assume that the value of s = Γσ/mσ is also very
small. F (p) is given as
F (p) =
∫
∞
0
dN e4N
Γσ
H(N)
ρσ(N)
ρr0
. (115)
To evaluate F (p), we have to follow the evolution of energy densities of the curvaton and
radiation after the curvaton begins to oscillate for the case we are going to consider here.
Thus we take the initial time N = 0 when H is equal to mσ and the curvaton field can be
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considered to be dust. In this case, the background equations we need to follow are:
d
dN
ρr + 4ρr =
Γσ
H
ρσ, (116)
d
dN
ρσ + 3ρσ = −Γσ
H
ρσ, (117)
H2 =
1
3M2pl
(ρr + ρσ), (118)
where we use the number of e-folding as a time variable. We solve this set of equations
with the initial conditions:
ρr(0) = ρr0, ρσ(0) = ρσ0 =
α2m2σσ
2
∗
2
, H(0) = H0 = mσ. (119)
We assume that curvaton energy density is negligibly small throughout the evolution.
Hence we treat ρσ0 as the expansion parameter of order p, where p is infinitesimal. Then
we can expand ρr, ρσ, H with respect to p as
ρr = ρ
(0)
r + ρ
(1)
r + ρ
(2)
r + · · · , (120)
ρσ = ρ
(0)
σ + ρ
(1)
σ + ρ
(2)
σ + · · · , (121)
H = H(0) +H(1) +H(2) + · · · , (122)
where ρ
(n)
r , ρ
(n)
σ , H(n) = O(pn). We also expand F (p) with respect to p as
F = F (0) + F (1) + F (2) + · · · . (123)
Obviously, F (0) vanishes. We are going to obtain the expression for F (p) by solving the
above set of equations order by order in the following.
• 0th order in p
Since the energy density of the curvaton field is considered to be the order of O(p), at the
0-th order, it vanishes as ρ
(0)
σ = 0. Other quantities can be easily obtained.
ρ(0)r = ρr0e
−4N , H(0) = H0e
−2N . (124)
• 1st order in p
From Eq. (117), the equation for ρ
(1)
σ can be written as
d
dN
ρ(1)σ + 3ρ
(1)
σ = −se2Nρ(1)σ . (125)
By solving this equation, the energy density of the curvaton in the 1st order is given by
ρ(1)σ = ρσ0 exp
[
− 3N − s
2
(e2N − 1)
]
. (126)
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At the 1st order in p, F (p) can be given by
F (1)(p) =
∫
∞
0
dNe4N
Γσ
H(0)
ρ
(1)
σ
ρr0
. (127)
By substituting the expressions for ρ
(1)
σ and H(0) into the above equation, we obtain
F (1)(p) =
∫
∞
0
dNe4N
Γσ
H0e−2N
ρσ0
3H20M
2
pl
exp
[
−3N − Γσ
2H0
(
e2N − 1)] . (128)
The integral which appears in this equation can be done analytically as,∫
∞
0
dN exp
[
3N − Γσ
2mσ
(
e2N − 1)] =
√
1
2s3
(√
2s+
√
πes/2
(
1− Erf(
√
s/2)
))
. (129)
where Erf(x) is the error function and defined by
Erf(x) ≡ 2√
π
∫ x
0
dte−t
2
. (130)
By expanding the error function with s and taking the leading order, we can obtain F at
the first order in p as
F (1)(p) =
1
6
√
π
2
α2p. (131)
To evaluate the function F (p) at the second order, we need the expressions for ρ
(1)
r and
H(1). For the energy density of radiation for the 1st order, from Eq. (116), we have the
equation for ρ
(1)
r as
d
dN
ρ(1)r + 4ρ
(1)
r = se
2Nρ(1)σ . (132)
Using Eq. (126), the solution of this equation can be formally written as
ρ(1)r = sρσ0e
−4N
∫ N
0
dN ′ exp
(
3N ′ − s
2
(e2N
′ − 1)
)
. (133)
By plugging this expression into the Friedmann equation, the Hubble parameter can be
given by, in the 1st order,
H(1)
H(0)
=
1
2
ρσ0
ρr0
e
s
2
[
s
∫ N
0
dN ′ exp
(
3N ′ − s
2
e2N
′
)
+ exp
(
N − s
2
e2N
)]
. (134)
• 2nd order in p
Now we calculate the function F (p) for the second order in p. F (2)(p) can be written as
F (2) = s
∫
∞
0
dN e6N
ρ
(2)
σ
ρr0
− s
∫
∞
0
dN e6N
H(1)
H(0)
ρ
(1)
σ
ρr0
. (135)
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To evaluate the RHS, we do not need ρ
(2)
r and H(2) because these do not appear in F (p)
up to second order in p, but we need to have the expression for ρ
(2)
σ . From Eq. (117), we
have an equation for ρ
(2)
σ as
d
dN
ρ(2)σ + 3ρ
(2)
σ = −se2Nρ(2)σ + se2N
H(1)
H(0)
ρ(1)σ . (136)
Using the first order solutions obtained above, ρ
(2)
σ can be written as
ρ(2)σ =
s
2
ρσ0
ρr0
ρσ0e
s exp
(
−3N − s
2
e2N
)∫ N
0
dN ′ e2N
′
×
[
s
∫ N ′
0
dN ′′ exp
(
3N ′′ − s
2
e2N
′′
)
+ exp
(
N ′ − s
2
e2N
′
)]
. (137)
In principle, F (2) can be obtained by plugging Eqs. (133), (134) and (137) into Eq. (135),
the expression becomes lengthy and complicated, we consider each term in the RHS of
Eq. (135) in each.
We denote the first term in Eq. (135) as T1. Using the formulae for ρ
(1)
r and H(1), T1
can be written as
T1 =
s2
2
(
ρσ0
ρr0
)2
es
∫
∞
0
dN exp
(
3N − s
2
e2N
)∫ N
0
dN ′ e2N
′
×
[
s
∫ N ′
0
dN ′′ exp
(
3N ′′ − s
2
e2N
′′
)
+ exp
(
N ′ − s
2
e2N
′
)]
. (138)
Although we need to perform a triple integral, we can make use the following formula#8:∫ N
0
dN ′ exp
(
3N ′ − s
2
e2N
′
)
≃
(
2
s
)3/2[
− 1
2
√
s
2
exp
(
N − s
2
e2N
)
+
√
π
4
Erf
(√
s
2
eN
)]
,
(140)
where we have neglected higher order terms in s because we are interested in the case
s ≪ 1. Using this formula, the first term in Eq. (138) can be written as β1/s3 (omitting
the factor appearing outside the integral and taking only leading order term in s) where
β1 is given by
β1 ≡ 8
∫
∞
0
dy y2e−y
2
∫ y
0
dx
(
−x2e−x2 +
√
π
2
xErf(x)
)
. (141)
#8 This equation can be verified by changing the variable as√
s
2
eN = y. (139)
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After some calculations, we find β1 = 1. The second term in Eq. (138) can be calculated
as π/(4s3). Hence T1 is given by
T1 =
1
2s
(
ρσ0
ρr0
)2 (
1 +
π
4
)
. (142)
Next we evaluate the second term in Eq. (135) which is denoted as T2. By using the
expressions for ρ
(1)
σ and H(1), T2 can be written as
T2 =
s
2
(
ρσ0
ρr0
)2
es
∫
∞
0
dN exp
(
3N − s
2
e2N
)
×
[
s
∫ N
0
dN ′ exp
(
3N ′ − s
2
e2N
′
)
+ exp
(
N − s
2
e2N
)]
. (143)
Similar calculations to the case with T1 yields
T2 =
1
4s
(
1 +
π
2
)(ρσ0
ρr0
)2
, (144)
where we have again dropped higher order terms in s. Thus we obtain the expression for
F (2) as
F (2) = T1 − T2 = α
4
144
p2. (145)
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